Tissot indicatrices have provided visual measures of local area and isotropy distortions. Here we show how large scale distortions of flexion (bending) and skewness (lopsidedness) can be measured. Area and isotropy distortions depend on the map projection metric, flexion and skewness, which manifest themselves on continental scales, depend on the first derivatives of the metric. We introduce new indicatrices that show not only area and isotropy distortions but flexion and skewness as well. We present a table showing error measures for area, isotropy, flexion, skewness, distances, and boundary cuts allowing us to compare different map projections. The Kavrayskiy VII projection is better than the popular Winkel-Tripel projection in all categories except boundary cuts, where it ties. Following a normalization procedure pioneered by Laskowski(1997a,b) find that the Kavrayskiy VII has the lowest normalized errors of all the projections studied. While this normalization procedure is by no means unique we find that the Kavrayskiy VII performs strongly with a variety of normalizations and (until other contenders appear) is a natural choice for world projections-particularly for atlases that are using the Winkel-Tripel now. The best equal area maps are the Eckert IV and the Breisemeister, and the best conformal projection is the Lagrange. The best 2-Hemisphere map is the Lambert Azimuthal.
Introduction
Tissot indicatrices have been very useful for providing a visual presentation of local distortions in map projections in a simple and compelling fashion. A small circle of tiny radius (say 0.1 degree of arc in radius) is constructed at a given location, and then enlarged and projected on the map at that location. This always produces an ellipse. Tissot ellipses are usually shown every 30 • in latitude and longitude. For conformal map projections (like the Mercator and the Stereographic), the Tissot ellipses are circles. The circles are of different sizes, showing the change in scale with location that occurs in the map. For equal area projections (like the Mollweide, or the Hammer), the Tissot ellipses all have the same area, but their shapes vary over the map showing the local anisotropy. Usually one favors conformal map projections that minimize the changes in scale factor, or equal area projections that minimize anisotropy, or recently, map projections that are neither conformal nor equal area, but which have a judicious combination of minimizing both scale and isotropy errors (like the Winkel-tripel used by the National Geographic Society for world maps).
The Tissot ellipse at a given location is specified by three parameters, the major axis, the minor axis, and the orientation angle θ of the major axis of the ellipse [relative to, say, the y axis in the (x,y) Cartesian map coordinate system]. These are three independent parameters. Geometrically, from differential geometry (and General Relativity) we know that the measurement of local distances is measured by the metric tensor g ab , where a and b can each take the values x or y. The metric tensor therefore has four components: g xx , g xy , g yx , and g yy . Since the metric tensor is symmetric, there are really only three independent components. Locally for two nearby points separated by infinitesimal map coordinate differences dx and dy, the true distance between these two points on the globe is given by: ds 2 = g xx dx 2 + 2g xy dx dy + g yy dy
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The Tissot ellipse (major axis, minor axis, and orientation angle, θ) can be calculated from the three components of the metric tensor. Thus, the Tissot ellipse essentially carries the information on the metric tensor for the map. It tells us how local infinitesimal distances on the map correlate with local infinitesimal distances on the globe. As we will see, however, the Tissot ellipse does not carry all of the information related to distortions. In §2 we introduce the concept of "flexion", by which a map projection can cause artificial bending of large structures. In §3, we show another large-scale distortion: skewness, which represents lopsidedness and an asymmetric stretching of large structures. We show a simple way to visualize these distortions in §4, in which we introduce the "Goldberg-Gott Indicatrices." In §5 we derive a differential geometry approach to measuring flexion and skewness. While readers interested in computing flexion and skewness on projections not included in this paper should refer to §5, it is highly technical, and those interested in seeing results may skip directly to §6, in which we discuss Monte Carlo estimates of the large-scale distortions for a number of projections. We present our conclusions and a ranking of map projections in §7.
Large-Scale Distortions: Flexion
The local effects shown by the Tissot Ellipse are not the only distortions present in maps. There are also "flexion" (or bending) and "skewness" (or lopsidedness; discussed in the next section), which describe large-scale distortions visible on world maps (the terminology stems from a similar effect in gravitational lensing; see Goldberg & Bacon 2005) .
One can think about flexion in the following way. Imagine a truck going along a geodesic of the globe at unit angular speed (say one radian per day). Now imagine the image of that truck on the map, moving along. If the map were perfect, if it had zero flexion and zero skewness, then that truck would move in a straight line on the map with constant speed. Its velocity vector on the map:
would be a constant, where τ is the angle of arclength in radians traveled by the truck along the geodesic on the globe. Its acceleration:
would be zero. Of course, this cannot be true for a general geodesic. In the general case, the image of the truck suffers an acceleration as it moves along. The acceleration vector, a, in the two-dimensional map has two independent components: a ⊥ (which is perpendicular to the truck's velocity vector at that point), and a (which is parallel to its velocity vector at that point).
The perpendicular acceleration, a ⊥ , causes the truck to turn without changing its speed on the map. This causes flexion, or bending, of geodesics. We define the flexion along a given geodesic at a given point to be:
or, more usefully:
In this form, we may define:
where α is the angle of rotation suffered by the velocity vector. Remember, if a ⊥ is the only acceleration present, then the velocity vector of the truck on the map does not change in magnitude, but just rotates in angle. Thus f = dα/dτ , and represents the angular rate at which the velocity vector rotates divided by the angular rate at which the truck moves on the globe. Skewness and flexion only express themselves on large scales. They are not noticeable on infinitesimal scales where the metric contains all the information one needs, but become noticeable on finite scales, with their importance growing with the size of the scale being examined. Flexion and skewness are thus important on continental scales and larger in a world map.
It is possible to design a map projection that has zero flexion: the gnomonic projection shows all great circles as straight lines. However it does exhibit anisotropy, scale changes, and skewness, and at best can show only one hemisphere of the globe.
The importance of flexion and skewness have been noticed before. In the Oxford Hammond Atlas of the World, new conformal map projections ("Hammond Optimal Conformal Projections") were designed for the continents. Following the Chebyshev criterion (see Snyder 1993) , the rms scale factor errors were minimized by producing a constant scale factor along the boundary of the continent. (For a circular region this conformal map would be a stereographic projection.) By tailoring the boundary to the shape of each continent, the errors could be reduced relative to those in a simple stereographic projection. In touting the advantages of their projection the Hammond Atlas did the following experiment. They constructed a face on the globe with a triangular nose, a straight (geodesic) mouth, and eyes that were pairs of concentric circles on the globe. They then showed this face with various map projections. In the gnomonic, the mouth was straight, but the eye circles were not circular and were not concentric (what we would call skewness). The Mercator projection had the mouth smiling (what we would call flexion) and although the eyes were circular they were no longer concentric. The Hammond Optimal Conformal projections did a bit better on these qualities because the gradients of the scale factor changes were small the flexion and skewness were small, although of course not zero.
Example 1: The Stereographic Projection
As an example, consider a truck traveling on the equator as seen by in the polar stereographic projection (see Fig 1) . In the stereographic projection, the north pole is in the center of the map and the equator is a circle around it. As the truck circles the equator (the equator is a geodesic-so the truck drives straight ahead on the globe), it travels around a circle on the map. By azimuthal symmetry, the truck circles the equatorial circle on the map at a uniform rate. The velocity vector of the truck on the map rotates a complete 360 • (2π radians), as the truck circles the equator, traversing 360 • of arc on the globe. So the flexion is f = 1, for a point on the equator, for a geodesic pointing in the direction of the equator. The flexion is defined at a point, and for a specific geodesic traveling through that point.
For a point on the equator in the stereographic projection and a geodesic pointing in the direction of a meridian of longitude (also a geodesic) the flexion is zero, because these geodesics are shown as radial straight lines in the polar stereographic projection, and the velocity vector of the truck does not turn as it travels north. The stereographic projection has the property that every great circle (geodesic) on the globe is shown as a circle on the map, except for a set of measure zero that pass through the north pole (i.e. the meridians of longitude). Thus by the argument given above, the average flexion integrated around a random great circle must be f = 1, because the truck's velocity vector on a random great circle must rotate by 360 • as it circles the 360 • of arc completing that great circle on the globe. The magnitude of velocity vector of the truck on the map is larger on the map the further from the north pole it is and so its rotation per angle of arc of truck travel on the globe is larger there as well, and so the flexion along that random geodesic is larger the further away from the pole one is, with the integrated average value along the geodesic being f = 1.
Example 2: The Mercator Projection
The Mercator projection (see Fig 2) is conformal and so only the scale factor changes as a function of position on the map (i.e. g xx = g yy , and g xy = 0 and the Tissot ellipses are all circles with radii proportional to 1/g xx ). But there is bending. The northern boundary between the continental United States and Canada at the 49 th parallel of latitude is shown as a straight line in the Mercator Map, but really it is a small circle that is concave to the north. If one drove a truck down that border from west to east, one would have to turn the steering wheel slightly to the left so that one was continually changing direction. The great circle route (the straightest route) connecting the Washington State and Minnesota (both at the 49th parallel) is a straight line which goes entirely through Canada. This straight line on the globe when extended, passes south of the northern part of Maine, so the continental United States is bend downward like a frown in the Mercator Map. (See Figure 3 and 4) .
In the Mercator map Maine sags below the line connecting Washington State and Minnesota, while on the globe this is not true. This is bending or flexion. The continental United States also appears lopsided on the Mercator map. The geographical center of the continental United States (which is in Kansas) appears in the lower half of the continental United States on the Mercator map because the scale factor on the map gets larger and larger the further north one goes on the Map. Thus, the continental United States is lopsided toward the north in the Mercator map. Flexion or bending is manifest on the map as a bending of geodesics on the map, and skewness or lopsidedness is manifest on the map as the midpoint of a geodesic line segment on the map not being at the midpoint of that geodesic arc as shown on the map.
In the Mercator projection, the flexion along the equator is zero, also along all meridians of longitude, but these are a set of measure zero. A random geodesic is a great circle that is inclined at some angle between 0 • and 90 • with respect to the equator. On the Mercator map this is a wavy line that bends downward in the northern hemisphere, and by symmetry, upward in the southern. Since the curvatures are equal and opposite in the two hemispheres, the average flexion f = 0, but this is misleading because the flexion at each point off the equator is zero. So if we are rating map projections by the amount of flexion they contain we should use the absolute value of the flexion instead: |f |. In a region where the flexion does not change sign (such as the northern hemisphere in the Mercator projection or the entire stereographic map) the total bending of a geodesic segment will be the integral of the flexion |f | over that segment. In fact, in Section 6 we will evaluate the overall flexion on a map by simply picking random points on the sphere and random directions for geodesics going through them, and then calculating the absolute value for the flexion for all random points on the globe and random directions through them.
A Global Flexion Measure
We can calculate the flexion for any point in the Mercator (or any other) projection through any geodesic using spherical trigonometry. As a reminder to the reader, the Mercator projection uses the mapping:
where here and throughout, λ is the longitude expressed in radians, and φ is the latitude expressed in radians. On the map, the angle rotation along the geodesic with an azimuth, θ, is calculated by constructing thin spherical triangle with side-angle-side given by (π/2 − φ, θ, dτ ).
because the geodesic intersects the north-south meridian (a vertical line in the Mercator) at an angle of θ initially, and at an angle π − β at the other end, where β is the angle in the spherical triangle at the other end of the dτ side. Solving for dα using spherical trigonometry in the limit as dτ goes to zero, we find that f = sinθtanφ (10)
Thus, for θ = π/2, an east-west geodesic, we find that
so that in the northern hemisphere, traveling east one's geodesic is bending clockwise with dα/dτ = tanφ. Therefore, the east-west geodesic bends downward. For, θ = 0, a north-south geodesic, the flexion is zero, as we expect, since the meridians of longitude are straight in the Mercator map. If we average over all azimuths at a given point, we find: Now we can integrate this over all points on the sphere to produce the average flexion over the whole sphere F. Taking advantage of the symmetry between the northern and southern hemisphere we can integrate only over the northern hemisphere (where dA = 2π cos φdφ), yielding:
The flexion is less than that of the stereographic because of the 180 • boundary cut along the longitude line at the international date line. A geodesic is a great circle on the globe, and if this is shown as a closed curve on the map that is always concave inward (the best possible case) it will always have a total rotation of the velocity vector of 360 • and so will have an average integrated flexion of 1. If there is a boundary cut, the great circle does not have to close on the map (it has two loose ends at the boundary cut) and so need not completely rotate by 360 • . truck continues to cover equal arc length on the globe it covers larger and larger distances on the map. Thus, the center of the segment (at 45 • latitude) is not centered on the segment on the map.
We define the skewness:
Taking the explicit case of the Mercator projection, we find:
so the skewness (for a vector pointed N-S) is simply:
The skewness at 45 • is 1, showing a lopsidedness toward the north. Given this relation, the skewness is positive (northward lopsidedness) in the northern hemisphere and negative (southward lopsidedness) in the southern hemisphere.
Consider a geodesic through a point in the northern hemisphere tipped at an azimuth angle of θ with respect to north. The only thing increasing the speed of the truck is the gradient of the scale factor as one moves northward, so the amplitude of the parallel acceleration is equal to the maximum acceleration (obtained going straight north) times cos θ. To get the average of the absolute value of the skewness for all geodesics through that point at all random angles θ, one simply integrates over θ:
As with the flexion, we can integrate this over all points on the sphere to produce the average skewness over the whole sphere S. Similarly, we find:
Notice that this is exactly the same value as the average flexion, F , for the Mercator. We will find that for conformal projections, the average absolute value of the skewness and flexion at a given point and over the whole globe are always equal. (This is only true for conformal projections, for general projections the skewness and flexion can be different, as illustrated by the gnomonic projection which has zero flexion but non-zero skewness.)
In the Mercator projection, at the equator, the skewness is zero, as we would expect from symmetry considerations. Indeed, because any geodesic crossing equator has a symmetric shape in the northern and southern hemisphere, the skewness s = 0 for any geodesic line evaluated at a point on the equator. Likewise, the flexion is zero for any geodesic line evaluated at a point on the equator. So the Mercator map has perfect local shapes along the equator, uniform scale along the equator (Tissot ellipses all equal size circles) and zero flexion and skewness along geodesics in any direction from points on the equator.
While much of the analysis in this work specifically addresses distortions in maps of the earth, these effects must also be taken into account in other maps as well. One of us (JRG) has recently produced a conformal "map of the universe" based on the logarithm map of the complex plane. The horizontal coordinate is the celestial longitude in radians, yielding a 360 • panorama from left to right. The vertical coordinate is:
where d is the distance, and r ⊕ is the radius of the earth. The distance scale goes inversely as the distance, allowing us to plot everything from satellites in low earth orbit to stars and galaxies, to the cosmic microwave background on one map. The map is conformal, having perfect local shapes. However, it does have flexion and skewness. Circles of constant radius from the earth are bent into straight lines for example, and a rocket going out from the earth at constant speed would be slowing down on the map.
Goldberg-Gott Indicatrices
We began this discussion with the virtues of the Tissot indicatrices. Likewise, we have produced a simple indicatrix to show the flexion and skewness in a map as well as the isotropy and area properties indicated by the Tissot indicatrices. We will refer to them as "Goldberg-Gott" indicatrices. These are constructed as follows. At a specific point on the map draw a circle on the globe of radius 12 • , and then plot it on the map. Inside this circle, plot the north-south, and east-west geodesics through the central point on the map. This leaves a ⊕ symbol on the map. If the map were perfect, this would be a perfect circle and the cross arms would be perfectly straight, with their intersection at the center of the circle.
We have produced such a Goldberg-Gott indicatrix located at the geographic center of the continental United States for using a Mercator projection in Figure 3 .
One can see that the north-south geodesic is straight, but that the east-west geodesic is bent downward. This shows dramatically the flexion in this region of the Mercator map. One can even read off the average value of the flexion by hand. Take a protractor and measure the tangent to the east-west geodesic at the two ends of the cross bar. Measure the difference in the angle orientation of the two. That gives the integrated flexion along 24 • of the globe. Divide that angle difference by 24 • and you will have the average value of the flexion along that curve.
The skewness is also visible in that the center of the cross is below the center of the circle, showing the lopsidedness to the north. In fact, one can observe the skewness in any direction from the center by seeing how far off center the center of the cross is with respect to the center of the circle in different directions. For comparison, we have in Figure 4 shown the continental United States in a transverse Mercator projection where the east-west geodesic through the geographic center of the continental United States is now the equator of the Mercator projection.
The flexion and skewness along the equator of a Mercator map are indeed zero, so the arms of the cross are now straight, and the circle is now nearly a perfect circle centered on the center of the cross. This gives a "straight on" view of the continental United States, that more accurately portrays its appearance on the globe.
One can place the Goldberg-Gott indicatrices every 60 • in longitude and every 30 • in latitude on the globe to show how the flexion and skewness vary over the map. In Figs. 5-26 , we provide G-G indicatrix maps for a number of well-known projections.
In fact, the Goldberg-Gott indicatrices can just replace the Tissot indicatrices because the shape and size of the oval in the Goldberg-Gott indicatrix shows the size and shape information in the Tissot ellipse. The Tissot ellipse shows the [magnified] shape and size of an infinitesimal circle on the globe, the oval in the Goldberg-Gott indicatrix ⊕ shows the shape and size of a finite circle (radius 12 • ) on the map itself at correct scale. Thus, if the map is equal area, the GoldbergGott indicatrices, will all have equal area on the map. If the map is conformal the Goldberg-Gott indicatrices will all be nearly perfectly circular. If there is a 2:1 anisotropy in the Tissot ellipses in a given region the Goldberg-Gott indicatrices ovals will have that same 2:1 axis ratio.
A differential geometry approach
Thus far, we have defined the general properties of skewness and flexion, given a few analytic results for particular map projections, and given a graphic approach for describing and interpreting flexion and skewness on maps. In this section, we approach the matter somewhat differently, and produce general analytic results for all projections as well as a prescription for measuring the flexion and skewness analytically.
Coordinate Transforms
Let's consider a spherical globe with coordinates:
Note that here and throughout, we will use x a to refer to coordinates in the globe frame, and x a to refer to coordinates in the map frame. On the globe, the metric is:
such that, as always, the distance between two points can be expressed as:
Now, consider an arbitrary 2-d coordinate transformation:
Of course, from this definition, we may easily compute a local transformation matrix:
The inverse matrix is Λ a a = ∂x a /∂x a . The metric in the map frame is:
From this, we may then compute the Christoffel Symbols of general relativity:
where standard convention tells us to sum over identical indices in the upper and lower positions, and where a comma indicates a partial derivative with respect to a coordinate. In practice, actually computing the Christoffel symbols for an arbitrary projection is not simple. To do this analytically requires that we have an analytic form for the map inversion. However, we make available a numerical code to compute the Christoffel symbols for all map projections discussed in this work on our projections website (see below).
Analytic forms of Flexion and Skewness
The whole point of computing the Christoffel symbols is that we want to address a very simple question: How are large structures distorted when projected onto a map? Clearly to an observer on the globe, a straight line is easy to generate. Point in a particular direction, and start driving (assuming your car can drive on the ocean) with the steering wheel set straight ahead. Drive for a fixed distance in units of angles or radian. Record all points along the way.
Geometers, of course, know this route as a geodesic, and if we consider τ to represent a physical distance on the surface of the earth, then the geodesic equation may be expressed as:
where
Equation ( But what is the physical significance of the Christoffel symbols? Since the lower indices are symmetric by inspection, there are 6 unique symbols. What do they mean?
Analytic Flexion
We define a vector oriented in a particular direction:
In reality, this is not the unit vector, since:
Of course, we could define a true unit unit vector:
where l is the "length" in grid coordinates of the unit vector. This has a value of:
l(θ) = 1 cos 2 θg 11 + sin 2 θg 22 + 2 sin θ cos θg 12
Of course, it is clear that at any point on the map, the set of all u(θ) represents an ellipse -the Tissot ellipse.
We define the flexion in the following manner: Follow a particular geodesic a distance, dτ (measured in, for example, radians). On the map, the geodesic will change direction by an angle dθ. The ratio:
is the flexion. Note that for all polar projections, the equator will have a flexion of 1.
In terms of the geodesic equation, the flexion can be expressed as:
whereũ denotes a vector. Some light can be shed on equation (35) if we expand the expression explicitly into trigonometric functions: (37) then f θ) in all directions will be zero. That is, all geodesics will be straight lines in this projection. As we will see, this is true for the Gnomonic projection.
Inspection of equation (36) shows it is clearly anti-symmetric about exchanges of θ and −θ, since θ is not the normal vector to the geodesic, but rather runs along it.
Analytic Skewness
Essentially, a skewness means that if you walk (initially) north (for example) for 1000 miles, or walk south for 1000 miles, you will cover different amounts of map coordinate.
The skewness along a geodesic can be defined similarly to the flexion:
As with the flexion, we may expand these out explicitly: Unlike the flexion, we know of no projections with zero skewness everywhere.
Projections with straightforward analytic results

The Gnomonic Projection
The Gnomonic Projection is particularly interesting. It has a coordinate transformation:
which is directly invertible to yield:
The coordinate transformation is thus:
We thus have the map metric:
We can compute the Christoffel symbols in the normal way. We find:
This clearly satisfies the requirements of equations (37), but not (40), and thus, the Gnomonic projection produces straight, but skewed geodesics.
Stereographic
The Stereographic projection is conformal, and thus, all of the Tissot ellipses are circles. Does this mean there is no skewness in the projection? No, as we've already seen. The Stereographic projection has the coordinate transformation:
which, again, is directly invertible to yield:
The coordinate transformation is:
This can be used to compute the metric on the map:
This clearly indicates that all Tissot ellipses will be circular.
From these, of course, we can compute the Christoffel symbols:
It is clear from inspection that geodesics are generally neither straight nor unskewed. Moreover, it is clear that l(θ) is independent of orientation since the map is conformal. In general it can be shown to be:
In the stereographic projection, a circle of radius 12 • on the globe is a perfect circle on the map but the center of the circle on the globe is not at the center of the circle on the globe (see Fig. 1 ), and thus, there is skewness.
Numerical Analysis of Standard Map Projections
Not all projections produce such simple results. Thus, in general, we will want to compute the local flexion and skewness numerically. Our approach is as follows: For each projection we chose 30,000 points selected randomly on the surface of a globe. For each of these points, we chose a random direction to start a geodesic. We follow that geodesic using small steps (dτ ≃ 10 −5 rad) numerically, and use standard difference methods to compute the velocity and acceleration along the geodesic. We are thus able to compute the metric and the Christoffel symbols (and thus the flexion and skewness) directly. We make our IDL code available to the interested reader at our projection webpage (see below). Likewise, we also do a distance test, in which pairs of points, (i,j), are chosen at random and the distance is measured both on the globe and on the map. This is a somewhat different perspective than simply inspecting the Goldberg-Gott indicatrices at a few locations, since we are now doing a uniform sample over the surface of the globe, rather than a uniform sampling over the map. When looking at the indicatrix map we can occasionally get a distorted view as to the quality of a particular projection. Some (like the Mercator) have relatively good fits over most of the globe, but the high latitudes can, in principle, be projected to infinite areas, and thus, the reader may erroneously think the Mercator infinitely bad. By sampling uniformly over the globe, we get a fair assessment of the overall quality of a particular projection.
We define a number of fit parameters: E, corresponding to errors in the ellipticity (zero for conformal projections), A, corresponding to errors in the Area (zero for equal area projections), F, corresponding to flexion (defined in the discussion of flexion, above), S, corresponding to skewness (also defined above), D, corresponding to distance errors, and B, corresponding to the average number of map boundary cuts crossed by the shortest geodesic connecting a random pair of points.
where a i and b i are the major and minor axes of the local tissot ellipses of random point, i, X i indicates the mean of property, X, and L B is the total length of the boundary cuts.
In Table 6 we compare a these measures for a number of standard projections, which, for fairness of comparison we divide into a number of categories. First, we show projections which represent the complete globe without interrupts. These projections are azimuthal and the average flexion over these maps is 1.
Second, we show the set of whole earth projections with one 180 • interrupt. These include rectangular and elliptical projections. Note that among all of the complete projections with 0 or 1 180 • interrupt, there are a number of "winners" with regards to performance for flexion and skewness. The Lagrange has the smallest flexion. The Kavrayskiy VII has the smallest skewness. For all conformal projections, the skewness is equal to the flexion.
Of all of the whole earth projections, the most accurate for distance measure between points is the Gott-Mugnolo, followed very closely by the Lambert Azimuthal (see Gott, Mugnolo & Colley 2006) .
In the third and fourth groups, we show 2-hemisphere and other multiple cut projections, respectively.
The Gnomonic Cube
In the final group, we have a projection with multiple interrupts, the gnomonic cube, which is defined piecemeal. This is a particularly interesting projection since the gnomonic is locally flexionfree, but it is clear that geodesics will not trace out straight lines in the gnomonic cube cube map because they bend when they cross an edge between faces. The gnomonic cube is presented as a cross, so 5 edges are included in the map proper. Geodesics bend when they cross an edge in this laid out cross configuration.
Our approach is to select points randomly on the sphere, and follow a random geodesic a small (but finite) distance. Most of these segments will not hit a connected edge between faces, but those which do will bend and have a small additional acceleration/deceleration (skewness). We find that the average flexion over this whole world projection is 0.115, all of which is attributable to the bends at edges between faces. Likewise, we find an average skewness of 0.87. It should be noted that doing our skewness estimate in the method of the previous section (which does not account for boundaries), yields 0.84. Thus, only 0.03 comes from edge crossings. Table 1 : The goodness-of-fit for some standard projections.
Finally, we can also use this technique to do an independent estimate of the average number of boundaries hit by a geodesic separated by two randomly selected points on the globe, yielding B = 0.686.
The Gnomonic Cube is a relatively simple multiply interrupted projection. It should be noted that we could also apply this technique to more complicated maps such as the Goode projection. Table 1 gives values for errors in E (ellipticity), A (area), F (flexion), S (skewness), D (distance), B (boundary cuts). Each of these is important in the overall quality of the map. The table will allow the reader to choose the map projection suitable for his/her individual purpose.
Discussion
If boundary cuts are important as well as distances (such as might be true for a map showing human migration out of Africa onto other continents over the course of human history where one would not want a boundary cut at the Bering Straight and where distances are important) then the Gott-Mugnolo Azimuthal projection centered on 0 • latitude, 15 • longitude might be the choice (see Gott et al. 2006) . For an application where areas, flexion, skewness and distances are important and boundary effects are less important, one might choose the Lambert Equal Area projection in 2-Hemispheres.
It is interesting to try and produce an overall rating using these parameters, recognizing that there may be several weighting schemes that are equally plausible. But first we would note that there are some important comparisons that can be made that are independent of any weighting scheme. Some projections beat others because they are simply better or equal in all the categories. For example, the following comparisons can be made directly:
• Kavrayskiy VII beats Winkel-Tripel • Mollweide beats Sinusoidal Most importantly, the Winkel-Tripel projection which is now widely used (it is the choice for world maps by the National Geographic) is beaten by two projections: The Eckert IV and the Kavrayskiy VII. The Eckert IV projection is an equal area projection and wins on that but also beats it on ellipticity, flexion and distance as well as tying it on skewness and boundary cuts. Presumably, the Winkel-Tripel gives up on the equal area property to get better shapes but the Eckert IV is perfectly equal area and yet still beats it on shapes (ellipticity).
The Times Atlas uses an alternate version of the Winkel-Tripel (with a standard parallel of 40 • instead of the Winkel's choice of 50 • 28 ′ ). The Eckert IV also beats the Times version of the Winkel-Tripel. The Eckert IV is used by National Geographic for small world maps.
The Kavrayskiy VII beats the Winkel-Tripel on ellipticity, area, flexion, skewness, distances, and ties on boundary cuts. It has the same general overall concept: curved sides, poles as lines, and both area and ellipticity errors. Thus, one must conclude that for all applications where the WinkelTripel is used, the Kavrayskiy VII would be better. It is appropriate to review the properties of the Kavrayskiy VII, beginning with its simple projection relations:
and proceeding with a digital image, as shown in Figure 27 , and based on satellite images from Stockli & Simmon (2006) . It is similar to the Winkel-Tripel in that it has the north and south poles as straight lines shorter than the equator, but its parallels of latitude are straight lines which is a plus, given that it has total lower flexion. Its longitude lines are equally spaced along each line of latitude and the lines of latitude are equally spaced. Inspection shows that it has a nice clean look, with curved sides to capture the globularity of the earth and reasonable shapes for all the continents except for Antarctica (which the Winkel-Tripel does not do well either). Australia, in particular, has a better shape than in the Winkel-Tripel. The Kavrayskiy VII is reminiscent of the Robinson projection (which used interpolation tables rather than formulas) which the National Geographic used for many years. The Kavrayskiy VII is taller, having a horizontal to vertical ratio of 1.732:1 while the Robinson has a 2:1 ratio. So the Kavrayskiy VII should beat the Robinson in distances, in the same way that the Breisemeister (with an axis ratio of 1.75:1) beats the Hammer (with an axis ratio of 2:1).
The Kavrayskiy VII is also a very good projection for particular astrophysical objects such as Jupiter, as shown in Fig 28 created from pixel maps from JHT's planetary pixel emporium (planetpixelemporium.com). Because lines of constant latitude are parallel, the parallel cloud "bands" on Jupiter maintain their shape. Also, the great red spot is portrayed well.
The above comparisons do not depend on how important each of the criteria are (i.e. what weighting to give each measure). These comparisons allow us to compare similar map projections (say equal area with equal area or conformal with conformal, or occasionally equal area with others) but we would like to have some overall criteria that would allow us to rank all projections, recognizing that any such weighting scheme must by nature be somewhat arbitrary.
We have 6 error terms and following Laskowski(1997a,b) we will minimize the sum of the squares of the normalized errors:
where Laskowski used only area, ellipticity, and distance, and in each case, using rms values of area, ellipticity, and distance measures rather than the RMS logarithmic measures we use. He normalized (as we do here) to the Equirectangular rather than the more famous Mercator projection because it has E = 0 (which used as a normalization would immediately make all non-conformal projections infinitely bad): the equirectangular was the simplest projection with non-zero values for all measures.
We prefer our measures, because we feel that the Mercator must score pretty well (i.e. not blowing up in the area measure) since it was the projection of choice for several centuries. Our use of logarithmic errors in distance are fair because our measures treat distance underestimates by a factor of 2 as equally important as distance overestimates by a factor of 2. Also, Gilbert's distance criterion used by Laskowski applied alone produced a best azimuthal map for the whole globe that was double valued [two locations on the globe plotted plotted at one location on the map] which was unacceptable (see discussion in Gott, Mugnolo & Colley 2006).
If only one measure were allowed, one could argue that it should be D since, in principle, all other error measures produce distance errors. Obviously, no flat map of the globe has zero distance errors. It is easy to rank projections by how well they do on distances alone. The best projection from the point of view of distance errors, the Gott-Mugnolo Azimuthal, has no boundary cuts and is round -for projection of a sphere, mathematically not a surprising result.
A stronger argument can made, though, that distances alone are not enough. Area, isotropy, flexion, and skewness alter the visual appearance of the map. A boundary cut error is also needed. A simple example will suffice. A series of n gores (made using the polyconic projection) arranged in a sunflower pattern would approximate the Azimuthal equidistant projection in distance errors as n became large but would have arbitrarily low values of E, A, F, and S. But if a boundary cut term B is included this term would blow up and save us from picking the bad subdivided map as better than others such as the Breisemeister which might have good values of E, A, F, S, and no larger boundary cuts than Mercator. Thus, a boundary cut term is needed. If one tried to paper over the boundary cuts by stretching infinitesimal areas to close the gaps between gores, the skewness would blow up, saving us from choosing this bad projection.
A number of games can be played to artificially lower one term or at the expense of another: squashing the Mercator vertically to improve flexion at the expense of greatly increasing ellipticity errors, for example. Following Laskowski, we will normalize to the Equirectangular. An interesting feature of this choice is that N e > N a , and thus, area errors are weighted more than ellipticity errors. This is fortunate since errors in areas appear subjectively to be more noticeable. For example, the Lagrange projection with A = 0.73 has fallen out of use because of its large area errors in the polar regions, while the ellipticity errors in the Eckert VI are E = 0.73 and this projection is described by Snyder (1993) as popular. The normalized values of these errors are A/N a = 1.780, E/N e = 1.431, respectively. In general when the normalized value of any term is larger than 1.50 there is noticeable trouble with this error.
The best projections with the lowest values of Σ ε are:
comes in 6th with the Equirectangular normalization. If one combines both normalizations and minimizes the sum of the squares of the normalized errors in both, the top 5 are: Kavrayskiy VII (9.253), Eckert IV (10.510), Breisemeister (10.539), Hammer (11.121), and Mollweide (11.130).
We also tried a median normalization (see Gott et al. 2001 ) where we weighted the interrupted projection (Gnomonic cube) ×32, the two hemisphere projections ×15, the azimuthal projections ×1, and each of the rest ×8 to reflect the distribution boundary cuts in the 105 projections in Snyder's (1993) In all, the Kavrayskiy VII projection is strong across the boards as inspection of Table 1 shows, and it wins the contest with a variety of normalizations. A close look at the indicatrices shows how good it is. For example, it has a noticeably better shape for Australia than the Winkel-Tripel. Our results suggest, with some robustness, that (until other contenders appear) the Kavrayskiy VII projection is the best overall projection of the globe. The best equal area maps are the Eckert IV and the Breisemeister, and the best conformal projection is the Lagrange. The best 2-Hemisphere map is the Lambert Azimuthal. These projections could be used for other planets and for the celestial sphere as well. The mathematical principles used here, including the indicatrices, can in principle be generalized and applied to mapping irregular objects such as asteroids, and hopefully will be helpful in a variety of ways as the search for the best projections for particular applications continues.
Interested readers may visit www.physics.drexel.edu/~goldberg/projections/ to download a free IDL code to measure the flexion, area, and other measures discussed in this paper. We have not done all known projections, but have covered ones that have available mathematical formulas and we thought likely to do well.
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